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1. INTRODUCTION
In this paper we study the structure of the metabelian thin graded Lie
algebras and their graded automorphism groups.
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A graded Lie algebra L L , generated by its first componenti1 i
L , is said to be ideally constrained, IC for short, if one of the following1
equivalent properties holds:
Ž .  P1 L  x, L for all natural numbers i 1 and for all non-i1 1
Ž .zero x	 L , the ‘‘covering property’’ ,i
Ž .P2 for all natural numbers i 1 every homogeneous ideal of L
contains or is contained in the ith Lie power Li,
Ž .P3 for every homogeneous ideal I there exists a natural number
i 1 such that Li I Li1.
An IC-algebra L is said to be thin if dim L  2.1
ŽThe coclass of a residually nilpotent Lie algebra L which might be
.infinity is defined as

i i1cc L  dim LL 
 1 ,Ž . Ž .Ž .Ý
i1
where Li is the ith term of the lower central series of L.
A similar invariant can be defined for pro-p-groups. Shalev and Zel-
 manov showed in 5 that pro-p-groups of finite coclass are always soluble.
 In 6 the same authors proved that, with the sole exception of the Witt
algebra, all the graded Lie algebras of finite coclass in characteristic 0 are
soluble. In particular, all graded Lie algebras of finite coclass in character-
istic 0 which are generated by their first component are soluble.
 The same result does not hold in positive characteristic: in 2 Caranti et
al. exhibited a method for constructing uncountably many insoluble graded
algebras having coclass 1. We recall that the Lie algebras having coclass 1
are also referred to as Lie algebras of maximal class. Note that, according
to our definitions, a Lie algebra of maximal class is thin. We warn the
reader that some other authors do not include the Lie algebras of maximal
class in the definition of thin Lie algebras.
 A theory for soluble IC-algebras is developed in 3 where it is shown
that an infinite-dimensional soluble IC-algebra in characteristic 0 is
 metabelian. A similar result is proved in 2 for Lie algebras of maximal
 class. In 3 it is also proved that the central quotient of a finitely
generated IC-algebra over a finite field can be realized as a thin algebra
over a finite extension of the ground field. These motivations have led our
attention to the subject of the present paper.
We prove that over an arbitrary field F, the infinite-dimensional two-
generator metabelian thin Lie algebras that are not of maximal class are in
Ž . Žone-to-one correspondence with the quadratic extensions F  of F The-
. Ž .orem 2 . We denote these algebras by L  . Moreover, with the exception
of some Lie algebras of dimension 6, which we call sporadic, a metabelian
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thin Lie algebra L satisfies one of the following:
Ž .a L is of maximal class,
Ž .b L is the quotient of a Lie algebra isomorphic to a quotient
Ž . Ž .of L  and moreover L  is uniquely determined if dim L 7
Ž .Theorem 1 .
With the exception of the non-sporadic metabelian thin Lie algebras of
dimension 6, we give a complete classification of the isomorphism types of
these algebras. As a byproduct, their graded automorphism groups are
determined. The non-sporadic 6-dimensional thin Lie algebras are classi-
 fied in 8 .
We recall that over every field there exists a unique infinite-dimensional
metabelian graded Lie algebra M of maximal class. It is also well known
that M has a presentation with integer structure constants. Also, by
 Corollary 1.6 of 6 , a finitely generated just-infinite graded Lie algebra of
finite coclass generated by L over a field of characteristic 0 is isomorphic1
to M. Combining these two results we get that there exists a unique
infinite-dimensional soluble graded Lie algebra of finite coclass generated
by L with structure constants in , namely the Lie algebra M.1
Ž .In the last section we will prove that each algebra L  can be seen as
Ž .an F-subalgebra of M F  . We stated above that the soluble infinite-
dimensional IC-algebras in characteristic 0 are metabelian. Therefore over
a field F of characteristic 0, each infinite-dimensional thin soluble Lie
Ž .algebra can be realized as an F-subalgebra of M F  for some quadratic
Ž .extension F  of F.
Ž .The property b stated above implies that if a thin graded Lie algebra L
5 Ž .is neither sporadic nor of maximal class then LL is a quotient of L  .
In particular if L is not of maximal class we have that L is thin if and only
5 Ž .if LL is thin see Corollary 2 .
 A pro-p-group is thin if its Lie ring is a thin graded Lie algebra. In 1
the metabelian thin p-groups have been studied: as in the present case of
Lie algebras, a metabelian p-group G is thin if and only if the quotient of
G with respect to the fifth term of the lower central series of G is thin.
However, some results for p-groups are in contrast to the case of Lie
algebras: the thin metabelian pro-p-groups are nilpotent with nilpotency
class at most p 1, but there exist metabelian thin Lie algebras that are
not nilpotent.
2. PRELIMINARIES
Ž .An algebra A possibly non-associative and non-unital over a field F is
graded if it is a direct sum A A of subspaces A , called homoge-i0 i i
METABELIAN THIN LIE ALGEBRAS 105
neous components, such that A A  A . An element x	 A is said to bei j ij
homogeneous of degree or weight i if x	 A . An element a of A is saidi
to have weight i if aÝ j a where a is a non-trivial element in A andh i h i i
j i.
We say that a graded algebra is almost commutatie if one of the
identities ba ab or ba
ab for every a, b	 A holds. Clearly Lie
algebras are almost commutative.
All the algebras appearing in this paper are graded, almost commutatie,
and generated oer F by A  A unless the contrary is explicitly mentioned.0 1
Also we suppose that all Lie algebras L appearing in this paper satisfy L  0.0
In particular we shall write Lie algebra to denote a graded Lie algebra. Also
every ideal I of an algebra will then be supposed to be homogeneous so
that I I , where I  I A . We shall denote by Ai the directi0 i i i
sum  A .j i j
ŽDEFINITION 1. A graded algebra A is said to be ideally constrained IC
.for short if for each ideal I of A there exists a non-negative integer i
such that Ai I Ai1. An IC-algebra with dim A  2 is said to be thin.1
A thin algebra is said to be of maximal class if dim A  1 for all i 2.i
 4Note that if x	 A  0 then the ideal generated by x must containi
Ai1. Also A x xA , since A is almost commutative. It follows that in an1 1
IC-algebra xA  A x A for each non-trivial homogeneous element1 1 i1
x of weight i. Therefore in an IC-algebra each homogeneous element x of
weight i 1 is the left-normed product of i elements of weight 1: there
Ž ŽŽ . . .exist x , . . . , x 	 A such that x  x x x  x .1 i 1 1 2 3 i
From the remark above it follows that in an IC-algebra A the ideal Ai
is the vector space generated by the left-normed products a  a of i1 i
elements having weight at least 1. In particular, in an IC-algebra Ai is the
usual ith power of A1.
The following result is easily proved.
PROPOSITION 1. Let A be an algebra generated by A . Then the following1
are equialent.
Ž .i A is ideally constrained;
Ž .ii eery homogeneous principal ideal generated by a non-triial x	 Ai
i1 Ž .contains A coering property ;
Ž .iii gien a homogeneous ideal I and a natural number n then either
I An or I An.
When dealing with Lie algebras, we will use the notation u u 1 2
u u to denote the left-normed commutator defined recursively byk
1 k
  u u  u u .1 2 k
1 k
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If R is an associative algebra over the field F then we will use the
Ž .symbol  R to denote the usual Lie algebra of n by n matrices withn
 entries in R and Lie product defined by A, B  AB
 BA.
Sometimes homomorphisms are written in exponential notation.
All other notation is standard.
3. METABELIAN LIE ALGEBRAS
A Lie algebra L is metabelian if L2 L is an abelian ideal ofi 2 i
L. It is standard to see that in a Lie algebra generated by a subset S of L1
the ith homogeneous component L is generated as an F-space by thei
 left-normed commutators x , . . . , x of weight i, with x 	 S for j1 i j
1, . . . , i.
Let L be the free 2-generated metabelian Lie algebra over a field F.
We will find a representation of it as a matrix algebra over the polynomial
 ring R F x, y .
Ž .LEMMA 1. The algebra L is isomorphic to the F-subalgebra of  R2
generated by
y 0x 0X and Y .ž / ž /
x 0 0 0
Proof. Let M be the Lie algebra generated over F by X and Y. Since
Ž .any element of M is a polynomial in x and y with coefficients in  F2
 the algebra M inherits a grading from F x, y in a canonical way. It is easy
to prove that M is metabelian and inductively that
0 0
1 c  YX X . . . X Y . . . Y  xy  .Ž . h khk  ž /x y 0
h k
In a metabelian Lie algebra every left-normed commutator in u and  of
weight n 2 is equal, up to the sign, to exactly one commutator of the
form
u u . . . u  . . .  , 
h k
with n h k 2. It follows that dim L  i
 1 for i 2. On theF i
other hand, since L is the free metabelian 2-generated Lie algebra there
is a graded epimorphism  : L M so that dim L  dim M  i
 1,F i F i
for all i 1. Thus  is injective and therefore it is an isomorphism.
Ž . 2We note that, by Eq. 1 , any element in L can be represented as a
  Ž . h kpolynomial in F x, y via the linear map defined by : c  x y . Sincehk
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Ž .  Ž . u ad X  u x and u ad Y  u y, this correspondence maps the lat-
Ž . 2tice of homogeneous ideals contained in L bijectively onto the lattice
Ž .  of homogeneous ideals of F x, y .
Ž .The graded automorphism group of L is GGL 2, F and its repre-
 sentation * over F x, y via  is  det where  is the canonical
Ž .   Ž . g Ž .representation of GL 2, F over F x, y : suppose that X, Y  X, Y A
a bŽ .where A is an invertible 2 by 2 matrix; thenc d
g* i ji j2 x y  ax cy bx dy det A.Ž . Ž . Ž .Ž . Ž .
Remark 1. Each metabelian 2-generator Lie algebra is isomorphic to a
quotient LI of L , and LI LI if and only if the ideals I and I are
in the same orbit of the graded automorphism group of L . In this way we
see that one can classify the graded metabelian 2-generated Lie algebras
Ž .via the orbits of the graded automorphism group GL 2, F in its natural
 action over the lattice of the homogeneous ideals of F x, y .
 DEFINITION 2. A homogeneous ideal I of F x, y is said to be thin
Ž . Ž .
1 Žrespectively of maximal class if the algebra L I is thin resp. of
.maximal class .
 In the following we shall denote by F x, y the space of homogeneousi
 polynomials in F x, y having degree i. The following proposition follows
directly from the definition of thin ideals.
  ŽPROPOSITION 2. A homogeneous ideal of F x, y is thin resp. of maxi-
.   Žmal class if and only if F x, y I is a thin associatie algebra resp. of
.maximal class .
 PROPOSITION 3. Let I be a thin ideal of F x, y . Then the ideal I contains
a nontriial homogeneous polynomial of degree 2.
Proof. We may assume that I contains no non-trivial homogeneous
polynomial of degree 1, otherwise some multiple of it of degree 2
would be in I . In particular x I so that, by Proposition 1 and the IC2
     condition we have xF x, y  IF x, y  I. Since dim F x, y 31 2 2
Ž   Ž   .. ŽŽ   . .and dim F x , y  F x , y  I  dim F x , y  I I 2 2 2
ŽŽ   . .    dim xF x, y  I I  dim xF x, y  2 we have that dim F x, y  I1 1 2
 1 as claimed.
 PROPOSITION 4. Let I be a thin ideal of F x, y . Then I contains a
Ž .
1non-triial homogeneous polynomial of degree 1 if and only if L I is of
maximal class.
Ž .
1  Proof. If L I is of maximal class then I  0 since F x, y I1 1 1
has dimension 1. Conversely, up to a linear change of variables we may
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i j  assume 0 y	 I, so that x y  I I if j 0, and so dim F x, y I  1.i i
Ž .
1 Ž .
1This implies that L I is of maximal class as L I i i





 Suppose now that I is a thin ideal of F x, y . As above we let A
 F x, y I and we assume dim A  dim A  2. By Proposition 3 there1 2
Ž .exists a nontrivial homogeneous polynomial f x, y of degree 2 in I.
Suppose that f is reducible. Then there exist non-zero r, s	 A with1
rs 0. It follows immediately, checking dimensions, that dim rA  11
dim A contradicting the fact that A is thin. Thus I contains no reducible2
polynomial of degree two. Conversely if this happens to be the case then
u 0 for all nontrivial u,  	 A so that dim A  dim A  2. We can1 2 1
summarize this in a lemma.
   LEMMA 2. Let I be an ideal of F x, y and suppose that A F x, y I is
such that dim A  dim A  2. If A is thin then I contains an irreducible1 2
homogeneous polynomial of degree 2.
The hypothesis of the previous lemma holds for large enough algebras,
as we now see:
LEMMA 3. If A is thin, not of maximal class, and A  0 then dim A 3 1
dim A  2.2
Proof. By Proposition 4 we observe that I is not of maximal class if and
only if dim A  2. By way of contradiction we assume that dim A  1.1 2
 4Then for every nontrivial r	 A there exists s	 A  0 such that rs 0.1 1
Ž .Thus rA  r sA  0 for all r	 A . Since A is thin we have A  0.2 1 1 3
Ž .Let  be a quadratic element over F so that F  is an extension of
   degree 2 of F. Consider the epimorphism 	 : F x, y  F x,  x given by
Ž .  	 : x x and 	 : y  x. The algebra A   F x,  x is graded and
Ž . Ž . ² i i :A   F, A   x , x for i 1. Moreover 	 is a surjective graded0 i
Ž .homomorphism and I   ker	 is the principal ideal generated by
Ž . 2 2 Ž . 2q x, y  ax  bxy cy , where q 1, t  ct  bt a is any irreducible
polynomial having  as root.
Ž . Ž . Ž .The algebra A  is thin, for if a	 A  , is nontrivial, then aA  1
Ž . Ž .A  . Moreover A  is infinite-dimensional. This implies at once thati1
x 0  x 0X and Yž / ž /
x 0 0 0
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Ž .generate over F a metabelian thin infinite-dimensional Lie algebra L 
Ž .
1 LI  .
Ž .PROPOSITION 5. The ring of A  -endomorphisms presering the homoge-
Ž .1 Ž .3 Ž .neous components of A  A  is isomorphic to F  .
Ž . Ž . Ž .Proof. Let f be an A  -endomorphism of A   A  1 2
Ž .1 Ž .3 Ž .A  A  as in the statement. Suppose that f r  0 for some non-triv-
Ž . Ž Ž . . Ž Ž . . Ž . Ž . Ž .ial r	 A  ; then f A   f rA   f r A   A  . On the1 2 1 1 2
Ž . Ž Ž . .other hand if f r  0 with the same argument we find f A   0.2
Ž . Ž .Thus either f is 0 on both A  and A  or it is invertible. We have1 2
Ž . Ž .1 Ž .3thus shown that the ring K of A  -endomorphisms of A  A 
preserving the homogeneous components is a division algebra. If f , g	 K
Ž . Ž .are such that f r  g r then f
 g 0. This implies that, given a
Ž .nontrivial element r	 A , the linear function f f r is injective and1
Ž Ž . .therefore that dim K dim A   2.F F 1
Ž . Ž .On the other hand F  acts by multiplication as a ring of A  -endo-
Ž .1 Ž .3morphisms of A  A  preserving the homogeneous components.
Ž .Thus F   K by comparing dimensions.
COROLLARY 1. The following are equialent:
Ž . Ž . Ž .i A   A 
 ,
Ž . Ž .1 Ž .3 Ž .1 Ž .3ii A  A   A 
 A 
 ,
Ž . Ž . Ž .iii F   F 
 .
Ž . Ž . Ž .Proof. Clearly i implies ii . By Proposition 5 we have that ii implies
Ž . Ž . Ž .iii . Finally if iii holds then we can assume 
 a b	 F  with
   a, b	 F, b 0. Then F x, 
 x  F x,  x .
PROPOSITION 6. If L is a thin metabelian Lie algebra with dim L  2,4
Ž .then L is a quotient of L  for some quadratic element  . Furthermore, L is
Ž . Ž . Ž . Ž .a quotient of both L  and L 
 if and only if F   F 
 .
Ž .
1Proof. Let L L I . We have just to note that by Lemma 2 and
the remarks above, the ideal I contains an irreducible homogeneous
Ž . Ž .polynomial q x, y of degree 2. If  is a root of q 1, t then L is a
Ž . Ž . Ž .quotient of L  . Since then L L  A  A  , by Corollary 1 the3 3 1 3
Ž .isomorphism class of each Lie algebra L  having L as quotient is
Ž .uniquely determined by the isomorphism class of F  .
Ž . Ž . Ž .Conversely if F   F 
 then we can assume 
	 F  so that
Ž . 2 2
 r s with r, s	 F and s 0. Let q x, y  ax  bxy y and
Ž . 2 2 Ž . Ž .q x, y  ax  bxy y be such that q 1, t and q 1, t are respec-
tively the minimal polynomials of  and 
 over F. If I and I are the
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  Ž .ideals of F x, y generated respectively by q and q we know that L  
Ž .
1 Ž . Ž .
1L I and L 
  L I . Let  be the automorphism of L send-
Ž .
1 Ž .
1ing X X and Y rX sY. Then  sends I onto I . There-

1 
1 Ž . Ž . Ž . Ž .fore we have our claim: L 
  L I  L I  L  .
Since every quotient of a thin Lie algebra is thin, from the previous
proposition and Lemma 3 we have the following results.
THEOREM 1. Let L be a metabelian Lie algebra not of maximal class with
nilpotency class c. Assume that c 5 or c 4 and dim L  2. Then L is4
thin if and only if there exists a quadratic element  such that L is the quotient
Ž . Ž .5 Ž .of L  with respect to an ideal contained in L  . The extension F  is
isomorphic to the ring of L-endomorphisms of L3L5 L  L presering3 4
the homogeneous components.
COROLLARY 2. Let L be a metabelian Lie algebra. Then L is thin if and
only if LL5 is thin.
THEOREM 2. Eery infinite-dimensional thin metabelian Lie algebra not
Ž .of maximal class is isomorphic to L  for a suitable quadratic extension
Ž . Ž . Ž .F  . Also eery graded epimorphism L   L 
 is an isomorphism and
Ž . Ž . Ž . Ž .L   L 
 if and only if F   F 
 .
4.1. Canonical Presentation. In this subsection we find a canonical
Ž .presentation for the Lie algebras L  discussed above. This presentation
Ž .will depend on the field F and the separability of the extension F  .
In order to do this we need some basic results on quadratic field
extensions. We recall that any quadratic extension of a field of odd or zero
characteristic is separable and Galois. On the other hand, each quadratic
extension of degree 2 of a field of characteristic 2 is either separable and
Galois or purely inseparable. The reader is also referred to Chapter 2 of
 7 for the elementary properties of separable and radical extensions or to
 Chapter 7 of 4 for some classical results on normal extensions of prime
degree p in characteristic p.
Ž .When F is a field of characteristic 2 we denote by Q F the image of
2 Ž .the endomorphism  : a a  a of the additive group F, . Also, if
the set F 2 of squares in F is a proper subfield of F, then F is a vector
space of dimension greater than 1 over F 2. Let P be the projective space of
2 2 2 ˜Ž .the F -vector space FF : P FF . The elements d of P are the
2 2 2 2 2 ˜Ž .F -vector spaces F d F F with d	 F  F . Clearly d e if and˜
only if e a2d b2 for some a, b	 F with a 0.
Ž .LEMMA 4. Let F  be a quadratic extension of F.
Ž . Ž .2i If char F 2 then there exists a unique non-triial coset d F* in
2 'Ž . Ž . Ž .F* F* such that F   F d .
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Ž . Ž .ii If char F 2 and F  is purely inseparable oer F, then there
˜ 'Ž . Ž .exists a unique point d in the projectie space P such that F   F d .
Ž . Ž .iii If char F 2 and F  is a separable extension of F, then there
Ž . Ž . Ž . Ž .exists a unique nontriial coset dQ F in FQ F such that F   F 

where 
 is a root of the polynomial t 2 t d.
Ž . Ž .Proof. i In this case the extension F  is Galois over F. We denote
Ž .by a the Galois conjugate of a	 F  . Let 
 
  . Since   

2 2Ž .2	 F and  F we have 
 F. Moreover d 
    
 4˜
Ž . Ž .	 F. Since then F 
 is a quadratic extension of F, we find F 
 
'Ž . Ž . Ž .F d  F  . Suppose that  a
 b	 F 
 with a, b	 F and a 0
is such that l 2 ab
 a2d b2 2	 F. Then b 0 and l a2d	
2 2 ' 'Ž . Ž . Ž . Ž .d F* . Conversely if l	 d F* we have F d  F l as claimed.
Ž . 2 2 Ž .ii We have   e	 F  F . Choose an element 
 a b	 F 
2 2 2 Ž . Ž .with a, b	 F and a 0. Then d 
  a e b . We have F 
  F 
˜ ˜ 2 2 2and d e. Conversely if e d and   e we have d a e b for˜ ˜
2 Ž .some a, b	 F with a 0. Let 
 a b. Then 
  d and F 
 
Ž .F  .
Ž . Ž . Ž .iii As in case i , F  is Galois over F. Let c  	 F. Then

1c 0, since   , and we can define 
 c  and d 

 . Clearly the
2 Ž .element 
 has t  t d as a minimal polynomial over F and F 
 
Ž .  Ž .F  as claimed. Note that d 
 . Let  a
 b	 F 
 , with a, b	 F
 2 2 2 2 Ž  . and a 0, be such that   a 
  b  a
 b a d 
 a  b 	
Ž .  F. Then a a 1  a  0. This in turn implies a 1. Thus  	 d
Ž .  Ž .Q F . Conversely if  a
 b and  	 dQ F we have a 1 and
Ž . Ž . 2F   F 
 . Moreover  has a minimal polynomial equal to t  t d
Ž .q with q	Q F .
Using the previous lemma we immediately find a canonical presentation
Ž .for L  .
Ž .THEOREM 3. Let F  be a quadratic extension of F.
Ž . Ž .2i If char F 2 then there exists a unique non-triial coset d F* in
Ž .2 Ž . Ž   .F* F* such that L   L YXYY 
 d YXXX ,
Ž . Ž .ii If char F 2 and F  is purely inseparable oer F then there
˜ Ž . Ž exists a unique point d in the projectie space P such that L   L YXYY
 . d YXXX ,
Ž . Ž .iii If char F 2 and F  is a separable extension of F, then there
Ž . Ž . Ž .exists a unique non-triial coset dQ F in FQ F such that L  
Ž     .L YXYY  YXXY  d YXXX .
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5. FINITE-DIMENSIONAL METABELIAN
THIN LIE ALGEBRAS
In this section we will classify all the finite-dimensional metabelian thin
Lie algebras.
By Theorem 1 we are left to find the thin metabelian Lie algebra L of
Ž .dimension at most 6 that are not quotients of L  for any quadratic
Ž .extension F  of F. Since we are looking for algebras not of maximal
class we may assume dim L  2. Noting that in this case LL4 LL 43
we can restrict our attention to the case dim L  1, that is, that dim L 6.4
Ž .We shall call these algebras, which are not quotients of some L  ,
sporadic.
 With the notation as in the previous section we suppose that IF x, y
 is an ideal and A F x, y I.
LEMMA 5. Suppose that dim A  2, dim A  1. Then A is thin if and1 2
only if p and q hae no common factor of degree 1 for each pair of linearly
independent polynomials p, q in I .2
Proof. Suppose by way of contradiction that p rs and q rt with r a
 non-trivial homogeneous polynomial of degree 1. Then I  rF x y . On2 1
Žthe other hand r I since dim A  2. Therefore we have A  r1 2
.  I A  I I  0, a contradiction. Conversely if r	 F x, y is not trivial1 2 2 1
Ž . Ž .then 0 r I A so that r I A  A by comparing dimensions,1 1 1 1 2
 and so I  rF x, y .2 1
As a consequence of the previous lemma and of Lemma 2 we have the
following result.
Ž .
1PROPOSITION 7. The algebra L L I is sporadic if and only if the
following conditions hold
Ž .i I  0,1
Ž .ii dim I  2,2
Ž .iii eery non-triial polynomial p	 I is reducible,2
Ž .iv if I is generated as an F-ector space by p and q then p and q hae2
no common factor of degree 1.
Ž .
1In the rest of this section we will suppose that the algebra L L I is
sporadic.
Ž . Ž .Let I be generated as a vector space by p x, y and q x, y . We first2
suppose that p is the product of two linearly independent factors: say
p xy. Subtracting a multiple of p from q and subsequently possibly
multiplying y by an element in F we may assume that q x 2
 y2. We
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shall refer to this case as the split case. The other possible case, that we
shall call the square case, is that every nontrivial polynomial in I is a2
multiple of a square: in this case we may assume p x 2, q y2.
Consider first the split case. We are assuming that for every 	 F the
2  polynomial t  t
 1 is reducible in F t .
Ž .2If char F 2 we have that 2  1 is a square for all choices of
	 F. This is equivalent to the fact that the set F 2 of squares of F is
closed under addition.
If char F 2 this is equivalent to the fact that every element in F is the
sum of two reciprocal elements: the function   
1 must be a
surjective map from F* to F. In particular F cannot be finite.
LEMMA 6. If F is a field of characteristic 2 then the following statements
are equialent:
Ž . 
1i the map from F* to F defined by    is onto;
Ž . Ž .ii the endomorphism  of the additie group F, defined by
2 Ž .   is onto: FQ F ;
Ž .iii the field F has no separable extension of degree 2.
Proof. The map   
1 is onto if and only if all the polynomials
Ž . 2 2  p x, y  x  sxy y with s 0 are reducible in F x, y . Now lets

1Ž . Ž . Ž .2 Ž . 2x s x y and y x. Then p x, y  x y  sx x y  sxs
2ŽŽ .2 
1Ž .2 . 
1 s x  xy s y is reducible. Put h s . Then the polyno-
mial t 2 t h has a root r	 F so that h r . Since t 2 t has a root in
F we have that the map    2 is onto.
Ž . Ž .By reversing the previous argument we find that i and ii are equiva-
lent.
Ž . Ž .The fact that ii and iii are equivalent is an easy consequence of
Ž .Lemma 4 iii .
Ž .ŽNow we turn our attention to the square case. Since p
 q x
 y x
. y must be a multiple of a square we have y
y and then char F 2.
Since ax2 y2 must be a multiple of a square we see that every a	 F is a
square. Thus F is a perfect field. Conversely if F is a perfect field of
characteristic 2 each polynomial of the form ax2 by2 is a square.
Since the split and the square cases are not equivalent under the action
Ž .  of GL 2, F on the lattice of the ideals of F x, y , we are now in a position
to give a classification of the sporadic thin Lie algebras up to isomorphism.
THEOREM 4. Each sporadic metabelian thin Lie algebra is isomorphic to
exactly one of the following:
Ž . Ž     .i L YXYY , YXYY 
 YXXX and either char F 2 and F
has no separable extension of degree 2 or char F 2 and F 2 is closed under
Ž .addition in both cases F is infinite ,
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Ž . Ž   .ii the Engel Lie algebra L YXXX , YXYY with F a perfect field
of characteristic 2.
The isomorphism classes of the non-sporadic thin Lie algebras of
 dimension 6 are determined in 8 .
6. AUTOMORPHISMS
In this section we compute the graded automorphism groups of the thin
metabelian Lie algebras that are not of maximal class. In the following we
shall write automorphism to mean graded automorphism.
Ž .We start by looking for the automorphism group of L  . Clearly an
Ž . Ž .
1automorphism of L   L I lifts to a unique automorphism of L .
Ž . Ž Ž .. Ž .By Eq. 2 , Aut L  is the stabilizer in GL 2, F of the vector space
Ž .generated by the irreducible homogeneous polynomial q x, y generating
Ž . Ž Ž .. Ž Ž .. Ž .I. Again by Eq. 2 we also have Aut L  Aut A  . Since A  
  Ž . f fF x, y with y  x, given an automorphism f of A  , we have y x  
f for y x   where  is a Galois conjugate of  and conversely. Let
f Ž . f Ž .a, b, c, d	 F be such that x  x a b and y  x c d ; then det f
Ž . Ž Ž ..is N   where  a b . This shows that Aut L  is the
Ž . Ž .semidirect product of the Galois group of F  over F the stabilizer of x
Ž . Ž .and the multiplicative group F  * a normal regular subgroup .
Ž Ž ..Now we consider the action of Aut A  on the lattice of the ideals of
Ž . Ž . Ž .k Ž k k .A  . If I is an ideal of A  then either I A   x ,  x or I is a
k Ž .principal ideal, generated by x  for some 	 F  *. In the former case
f Ž Ž .. f Ž k k .we have I  I for every f	Aut A  . In the latter case I    x
f k k kŽ . Ž Ž . .or I    x . Thus the orbit of I can be identified with F* F  *
kŽ Ž . . Ž . F* F  * . We shall say that I is double if F  is a Galois
Ž . k 2extension of F and there exists 	 F  such that  	  F*. In this
ˆ Ž .case there exists an isomorphism f of A  I defined by x  x andˆk f k k 2 k k ˆŽ . Ž .y  x  x; for then  x    x    x    x and f
Ž .stabilizes I. Conversely any automorphism of A  stabilizing I is either
k k' Ž .  Ž .  4multiplication by an element 	 F*  F  * 
	 F  
 	 F*
kˆ ' Ž .or of the form f for some  . It is very easy to show that F*  F  * is
Ž Ž . . Ž Ž . Ž .
1 .a normal subgroup of index 2 in Aut A  I Aut L   I .
We can summarize the above results in three propositions.
Ž .PROPOSITION 8. The automorphism group of L  is isomorphic to the
Ž . Ž Ž . .semidirect product F  *Gal F  F .
Ž Ž . .  4 Ž .We note that in the previous proposition Gal F  F  1 if F  is
a purely inseparable extension of F.
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Ž .PROPOSITION 9. If L is an odd-dimensional quotient of L  haing
c1Ž Ž . Ž . . Ž .nilpotency class c at least 4 so L L  L  then Aut L 
Ž Ž ..Aut L  .
Ž .In the following proposition we let   if F  is purely inseparable
over F.
PROPOSITION 10. There is a bijection between the set of the isomorphism
Ž .classes of een-dimensional quotients of L  of class c 5 and the subsets
c
2 c
2Ž . Ž Ž . . Ž Ž . .of F  * of the form S  F* F  *  F* F  * . This bijection
Ž .
1associates with S the Lie algebra L L I corresponding to the ideal
c
 2c
2 'Ž . Ž .I  x . In this case Aut L is isomorphic to the group N F* 
c
 2
2ˆŽ . ² : 'F  * if I is not double or to f , N for a suitable 	  if I is
double.
The only non-sporadic algebra that we need to look at is L LL 3, but
Ž . Ž .in this case we have Aut L Aut L .
Ž .Now suppose that L is the algebra described in item i of Theorem 4.
Ž .The automorphism group of L is then the stabilizer in GL 2, F of the
  Ž . 2 2 Ž .linear subspace of F x, y generated by p x, y  x 
 y and q x, y 2
xy. A direct computation shows that
a b Aut L  	GL 2, F 




Ž .If L is the algebra described in item ii of Theorem 4, since the ideal
Ž 2 2 .x , y is the ideal generated by the squares of the homogeneous polyno-
Ž . Ž .mials of degree 1, we have Aut L GL 2, F .
7. ANOTHER CONSTRUCTION
 We know 2 that there exists exactly one metabelian infinite-dimen-
sional algebra of maximal class over F, namely the Lie algebra M gener-
ated over F by
x 0 0 03 X and Y ,Ž . ž / ž /0 0 x 0
where x is a polynomial indeterminate. In this section we give a new
Ž .construction of L  starting from M. We shall use the symbol K to
Ž .denote the quadratic extension F  of F. In the following we suppose
that t 2
 et
 f is the minimal polynomial of  .
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Let  be the Lie algebra generated over F by
1 0 0 04 u and  .Ž . ž / ž /
1 0 1 0
The algebra  has u and  as basis and the structure constants are given
by the unique nontrivial relation
 5  , u  .Ž .
 Then the Lie algebra L is the subalgebra of L F x, y generated
Ž .over F by R  ux and S  u y. Letting x y we find M as thex y
  Ž .loop subalgebra of  F x generated over F by X u x S andx
Ž .Yx S 
 R . On the other hand, letting y  x we find L  as thex x
  Ž .loop subalgebra of  K x generated over F by ux and  u x. In
Ž .particular, L  can be considered as an F-subalgebra of M K. The
Ž .underlying Lie algebra  is generated over F by h u and k  u
 4is 4-dimensional with basis h, k, l, m, and structure constants given by the
table
 k , h  l ,
   l , h  l , l , k m ,
6Ž .
   m , h m , m , k  fl em ,
 l , m  0.
Ž .  Thus L  is isomorphic to the loop subalgebra of  F x generated
 4over F by hx, kx .
Choose two K-linearly independent elements U and V in M  K such1
² :that the F-space generated by U and V intersects KY K Y trivially
and define L to be the Lie algebra generated over F by U and V. We have
the following result.
Ž .PROPOSITION 11. The algebra L defined aboe is isomorphic to L  .
Ž . Ž Ž . .Proof. Let U aX bY  au a b  x and V cX dY
Ž Ž . .cu c d  x with a, b, c, d	 K and  ad
 bc 0 be generators
Ž .of L. The condition FU FV  KY 0 is equivalent to a and c being
F-independent. Therefore K Fa Fc, so that, without loss of generality,
Ž . Žwe can assume a 1 and c  . Let h au a b  , k cu c
.    d  , l k, h   , and m l, k  c   l. Then the algebra gener-
ated by h, k, l, m is  since it is 4-dimensional and has the same structure
Ž .constants as the ones displayed in 6 . It follows by the discussion above
Ž .that L  is the loop algebra generated over F by U hx and V kx as
claimed.
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